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THE FLIGHT 03T AH AUTOGIRO AT HIGH SPEED* 
By J . A. J. Bennett 

I. NOTATION 

v, forward speed of autogiro. 

w, mean induced velocity through the disk. 

r, radial distance of blade element dr from rotor 
shaft. 

R, extreme radi\is. 

n, number of "blades. 

t, blade width; for simplicity, considered as constant 
from root to tip. 

CCg , blade angle, equally assumed constant, measured from 
"zero-lift" position. 

ijf , angular position of blade, measured from position 
conformably to figure 2. 

a), angular velocity of blades. 

D , r .p.m. of rotor . 

a, "solidity," i.e., ratio of total blade area to rotor 

disk area = T ~~ . 

(ttR) 

p, air density (standard value at sea level, that is, 
" newt on" /m 3 or leg s z /m*) . 

c w , mean profile drag coefficient for the employed pro- 
file. 

_ M ,_ 

*"Uber den Plug eines Autogiro mit grosser Geschwindig- 
heit." Z.E.H., September 14, 1333, pp. 465-470. 



2 N.A.C .'A. Technical Memorandum iTo. "729 



a, angle of attack' of autogiro , " i.'e. , angle of rotor 
shaft to the vertical of the flight speed, counted 
positive when shaft is rearward inclined. 

(3, flapping angle, i.e., angle between "blade and plane 
perpendicular to rotor shaft. 

j3 0 , coning angle, i.e., angle, between blade and its median 
plane of rotation. 

(3-l , angle of median plane of rotation of blades to plane 
perpendicular to rotor shaft. 

W, total drag of rotor. 

Wi , induced drag of rotor. 

i ... 

W 2 , profile drag of rotor. 

W 3 , structural drag in kg at 161 km/h (100 mi./hr.). 
A, lift. 

H, thrust of rotor. 

H ' 

H c , , i.e., load factor. 

Tl p id 2 E 4 

A 

k a , ■ , i.e., second type of load factor. 

tt E 2 p V s 

\, -~Ti i.e., a kind of speed ratio, 

(o a .... 

■u, mean velocity through disk parallel to rotor shaft, 

x, u/ (ojE) . 

i, . load rating of disk = g ' y^>> - ■ 

I, J t 3 + ^-t + 2t Y. S i n 

r\P , power required to overcome rotor drag. 

r\P a , power available (hp.). . . 
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. - ..II-. I1TTR0DUCTI03J. 

The modern autogiro consists essent ially .of ."a conven- 
tional engine, propeller, and fuselage support ed - by freely 
rotating surfaces. The power required.. to overcome the 
drag of the rotat ing wings is -with the exception of that 
necessary for imparting an initial, rotation • at, take-off -. 
not supplied by the engine but . by the air- flowing upward 
through the rotor disk. When the profile' drag is suffi- 
ciently low the upward air motion through- a portion of the 
rotor disk operating as .a windmill produces a higher torque 
than absorbed by the drag; the remainder of. the blade there 
fore operates as propeller (reference l) . in contrast to. 
the orthodox airplane on which the wings move through the 
air at the same speed as the fuselage, the. autogiro can 
fly at very low forward, speed (or at zero forward speed 
in vertical descent) while its. r.otior blades move at high' . 
speed. .. 

By virtue of horizontal., and. vert i.cal hinges at the 
hub, the blades are free. to move up and down and to change 
their neutral angular pos.ition- to each o.ther to a certain., 
degree. As a result the blades assume,., during flight, a..,, 
position relative to the hub, so that the resultant of the 
forces on the blades passes through the center of the 
hinge joint. The blades themselves are raised when re- 
volving in flight direction and lowered when rotating in 
the opposite direction. 

The principal component of the wind force on each 
blade, i.e., the lift, is balanced by the centrifugal 
force component and the blades take up a coning position. 
The 11 coning angle" |3 0 , .is usually very small and can be 
disregarded in this analysis. The "flapping angle" |3 
can be expanded as a Fourier series in the form ty, the 
momentary angular blade setting. If the centrifugal force 
is great compared to the air forces, all terms of the 
Fourier expansion save the first one, can be neglected, so 
that 

P Pi C0S (V - ) 

where. ..\{f x . = 0 under the above assumption and when disre- 
garding the gravity effect on the blades. So in the first 
approximation the up and down flapping of the blades is 
equivalent to a rotation of the plane of rotation through 
an angle p x (fig. l). ... 
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Lock has shown that'; hy \sj3.1ect ion; of the plane of mo- 
tion of the "blades as reference plane, the flapping of the 
"blades can be disregarded; that in this reference system 
t.-hev" /blades., hay.e , ; while ■ revolving, a- per iod ica-Uy changing 
•blade.: an-g he.-, ; Consequent ly.i the ap.-to.giro is me.-chanically 
equivalent'-* tpr an aircraf t -with-, f ixed ■ wings en which' the 
tilade- anglB; of. •the- wings.'. -is-- periodically-' changed . •'by. means 
of '^om-e... .sp.ec:ial„ device.: and- : whereby ,the -axis, o-f rotation 
is inclined' at. angle .to the original axis:* - : 

. The., calculation of angle (3-1-- results -f rom..- the. cons id- 
er-ait i on . : of" the .-thrust- moment-, of ■ a. : wing. ;ajbcut : , the hinge 
which, according, to. .the,,-..p-revions; assunvp-tion;, is independ- 
ent Of - - Y , ,-.r , ' .- • -.- ■■.-'■ -; .: ■ 

r • G-la-uert (reference .2) disregarded- the -squares and 
higher powers- of the- tip-spee.;d ratio . -X - in his analysis..',, 
of .'. the flow at a blade element;: and'- so nnde-r.es.ti.taa.ted-. the.;/ 
power of an autogiro at high speed. Lock (reference. S.)-. ■.: 
repeated this calculation without omitting important terms 
and found ,-tha:t*. Klaue.rt-.? s • theory-- must;, he -. so much more- mod- 
ified- as- Ar..va-ttd s X •increas-.ev:; The- modif ied, theory. /gives 
t.'nei.-S'ame .terms-.: for ■ the- profile.', .drag . as G-lauer.t 1 s in.ap.^. ..': 
pendiis.I, of his- report, that .is, :• - 

with consideration to the energy loss.' ■ ■ - - 

; -..In section IV., it is shown-; that . this equation becomes 

when the effect of the radial velocity ' is taken into ac- : 
count , ' • 1 ' ■ '• 

■ 'The energy balance of an aut ogi'ro ■ r est s' on the fact 
that its power (Wv) must be equivalent to the power re- 
quired for overcoming the profile drag of the rotor blades 
plus the power necessary to produce the vertical velocity 
w. If the torque were other than zero"-, ' yet another term ' ' 
for' the energy' equat io-n would have -to he -added.' 1 '• 



A: simple method of ' allowing'' for the radial velocity- 
is ©Dtained "by the hitherto overlooked fact- that the di- " 
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rection of the resultant eff.e-c.t of .the w.ind on the rotor 
is coincident with the axis- of.- the. caning surface de- 
scribe d by the blades while reyoly.i'h'g . /' .. 

■ ■ ■ • . •.«**••■%•• - -• 

According to figure 1, 

W = H (a +■• .fVj) •»,;- 

This equation is used in section IV to tie a and 
P to the fundamental quantities. Glauert and. Lock's as- 
sumption of constant axial velo-city. thr.d'ugh .'the rotor disk 
has "been retained. Although the velocity near the. points 

r = to" ^ = 2 17 2 ) is k^-S 11 ' it is 'low across - the ef- 

fective range of the blade and patently negative at the 
blade. tip (reference . 1') . The mean velocity u through 
the disk being small, it may with sufficient accuracy be ■ 

presumed that x = — -— aiid that at low angles of attack 

u) E 

the distribution of the induced velocity is similar to 
that of a fixed-wing system, i.e., that a so-called Lan- 
cliest er-Prandtl vortex system is formed. 

The contention that- in flying a stated distance, the 
rotating wing describes a much longer path than the fixed 
wing of a conventional airplane, and that. for this very 
reason the energy loss must be greater ,. is not plausible 
because the siirface chord ■ of the rotating wing/is consid- : 
erably less than that of the corresponding fixed wing. 
The induced power cannot, by virtue of the similarity of 
the vortex system, be materially dif f er exit . f rom that of 
the conventional airplane of span equal to rotor diameter. 
The. power loss due to profile drag is, to be sure, greater 
oh account of the higher relative' speed' of- the blades** per 
unit surface, but by assuming sufficiently small solidity, 
the total'power loss can even become less than on the-; cor- 
responding fixedr-wing system or, in other words, the max- 
imum speed of the autogiro can actually be higher than 
that of the corresponding airplane and that .without sacri- 
ficing the advantage of low landing speed. , 

Hitherto the autogiro had a high structural drag, due 
in part to the large tail surfaces necessary to insure the 
initial rotor rotation by deflecting the slipstream; then, 
to the elastic bracing of the wings and the existence of a 
small fixed wing, carrying the ailerons'. On the latest au- 
togiro the rotor is coupled to the engine, the wings are 
cantilever, ailerons and elevator are omitted, the control 
being effected by tilting the rotor shaft. 



6i 
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v ' v '' Hereinafter' 'follows- 'a method 'for computing the' 'f light 
perf ormance 'of : ah. aut'ogirb at high- speed, 'the^'velfcci'ty 
component along the 'blade's ' b ; e"ing- 'Account ed for' by calou- 
lation of the profile drag and the equation for zero 
torque. , ".'■■"' ■ ■ :>'■■ 

III. HTDUCED VELOCITY 



Analysis o'f'-the air- disturbance's left "be'hind reveals- 
that "the mean induced velocity -w • through the rotor aisle 
of an autogiro of radius' 'R- " at : small angles of attack is 
approximately, equal to-, the induced velocity of : an airfoil- 
of span 2R with equal total lift. Assuming that the 
number of blades is-not too small, ,the strength and' dis- 
tribution of the produced vortices' are 'sensibly the same 
as on the airfoil of span' ■ 2R. -On it' -the velocity w 
with -elliptic, lift distribution is 

. .;. .- w = — — — -=rr* — — : '■(!) 

. 2 TT R p. V 

,.. v The discrepancy of this formula becomes larger as the 
number of blad.es becqmes less,, but .thi-s,.fact can. be dis- . 
regarded.' -i h the theory of the terms" of the, .first order, 
because., at ' small angles, .of atta.ck the induced drag is 
much lower than the .profile drag...,- ..... - > .. . . 

■'.'"..'','". IV.- EQUATION FOR -ZERO TORQUE .. . 



The', total reaction of. the wind on the. rotor -is- coin- 
cident with the effective axis of the cone . des crihed by. 
the revolving blades. .. .Thus- the energy output per second 

is .... ' ' . 

W v = -v H (a + . . . 

Since, however, the torque is zero and the raising of the 
blades requires no energy, the total expended energy 
equals the amount . o.f energy per second . performed by the 
production of the profile and the induced drag. Therefore, 



Wv = .v.H (a =' t^v "W^v ', r 

2TT. .'R 



'.''= wE : . .+"— '/ 'd?/ p t ,<*r ffl £f W 3 dr 



(3.)- 
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whereby : : • * • m .. 1 •; .• " . 

- i 3 bi S - = r 2 ,o) 2 + V 3 , ;,+ 2 ^,r oj s;in ^ (3) 

|oo is .the resultant .of flight spee,d v 7 and tip speed 
too of "blade element dr at distance r from tlie rotor 
shaft. - It is equivalent --to ...a pure -rot-at ion ^a.t angular . 
speed OJ about a point defined (see fig. 2) by the polar 
coordinate 

■v '3_U "•' '••*• 

• • r = w> V- .2 V. 

with E E 0l> 2 = R 2 a) 2 + v 2 + 2v E ,oo sin ^, '• . - 

the second term on the right-hand side of equation (2) 'be- 
comes 

n P t c Wm 2tt H; ' £ 2 oj 3 d i' • ... ■■ 

w a v = — / Mi 



- / i /T COSjL^ 2 

oj V 1 - {^-xw ). 



V COS- ll/ 

In addition-, since., is less than 1 over .'the major 



part of the disks, we can expand 

03 



/ v cos \|/Y 

1 - v ~r 



to a series 



! + 1 fl-c^ + a f3LCOS..lY + 1,. f I =^fiy + etc. 

This series converges quickly. 

Limited to the first three terms, the integration 
yields 

W 2 v 

8 2 4 v & - V "16 128 

-. !!£pfatfz Cl ; jjij., . ...... 

8 
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m "being given in the appended tabulation: 

• ' X 1.0 i 0 i 7 5 Q . 60 ■ '• ; 0 . 50 - : 0. 40; •- 0 ..30 '• 0.00 

m 4. 67 : :-4. 67 v 4.66/ ''4.,64':: "4. 61 . r 4;.58 ^.50 

Taking m ■••= 4. 65 ' ,'. f 6f small angles" of attack,; equation 
(2) gives. '! ' ... • ■-;:■■■'■ 



W 



a c T 



T =a+B 1 = - + —-^.(1 +-;4.65 X 2 ), 
A ri v 8 H c X i 



whereby 



H c = 



H 



or, since according to (l) 



W 



H 



2 p V TT E ' 



(4) 



This is the equation for zero torque. 



V. FUNDAMENTAL EQUATIONS 



• Since the radial velocity component can be neglected 
when computing the lift and Bj., we have, according to 
Lock (reference 3) 

? \,(> +*'«.) .... . ., , 

Pl _ rrl -— (5). 



and 



with 



H c =■> a. 



•3 



■x- + a g I 1 .+ g; X 1 



= xfa- ^ = X ( a ~ r%r^ 
v v / V 2 ■ X 3 j 



(6) 



(7) 
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Equations (4), (5), and (7) "'give'- 



\3„*2 = , S- (l .+ 4.65 X 2 ) 



35 + "-^ 



i - 1 



■S H C 'X 



or 



According to (6) 



hence 
K c 

a V 



E Mi + |x 2 V - A 



2 /v ) - a g (l + X 3 ; + 4 a g X 

3 a c 



(8) 



16 H 



^ (1 + 4.65 X 2 ) (l - ~ X 2 " 

•C V. <J / 



or 

/ Hc\ 2 

V -a / 



4 X 2 / 3 3 \ 
„ f i + - X > 

1 + | X 2 v - • 2 ' 



16 



c w m 



(1 .+ 4.65 X 2 ) . (.1 ~ | X 2 V 



l + | Jf 



being expressed "by a,g . c Wm , and X. 



(9) 



•. VI. ■ NUMERICAL RESULTS 

Having defined H c /o for stated values of V, COg , 
and cw m , we compute: x from (S). k a is assessed for 

a value of a from 



- £2 • - \ a / \2 



(10) 
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and W/A from -(4) in : the'"f Orm : 



+ -H§-*-^ (1 ■+) 4.65 ,£■)■; 
8 \ 3 k a 



A 2 

a can be' determined from. (7) : : ') 

a=^ + |a -■ (12) 

and p r : from B x = J.- a (13) 

The tip velocity u)E is obtained for varying val- 
ues of the load rating i from the equation for H G , 
namely, 



uE v ' ■ " " (14) 

and v is defined from 

v = \ co E ■ (15) 

The rotor speed can be determined for a stated E 
from ' 

D = = 30 (16) 

Figures 3, 4, and 5 illustrate the effect of solidity, 
blade angle, and profile drag on W/A for values of k a 
less than 0.10. 

Til. EOEWAED SPEED- •• 



To insure suitable landing qualities and slow rate, 
of descent (ref erence l) , • it is necessary ■ to limit- the 
dish loading i. To illustrate: Assume i = 9.76 kg/m a 
(2 lb./sq.ft.). According to (14) and (15), 



CO E = 8.83/V"H c 



v '= 8.83 X // H c . 



Figures 5, 



7, and 8 show the effect-.- Of the. -solidity, 
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the blade angle, and the profile drag on W./A for a num- 
ber of v values. 

The results indicate that . for . high speedj O should 
"be as. small as possible, and .ctg he as large as possible 
for a given c w m « I* is therefore of advantage to use 
thin, narrow blades, on which the flow breaks down gradu- 
ally. When- otg is too great, the flow "breaks down on the 
retreating "blade and c Wjn "becomes excessively great. . 

VIII. MAXIMUM SPEED 



The power T)P necessary to overcome the rotor drag 
is given by 

M a fp T (17) 

The effect of o , a g , and i on the rjP/A is shown 
in figures 9 , . 10 , and 11 for divers values v. 

If W 3 is the structural drag (in kilograms) at 151 
km/h (100 mi./hr.) speed, the thrust required to overcome 
the structural drag for, v km/h is: 

W 3 v 3 X 1.43 X 10~ ? 

Then the maximum speed v m is given by 

riP a = <nP + (W 3 v m 3 X 1„43 X 10~ 7 ) (18) 

riPa = total available thrust power. 

IX. COMPARISON WITH AIT AIRPLANE 



changes but little with v at high speed, hence 
the p.ower loading T]P./A increases sensibly proportional 
to v, as seen, from equation (17). On an airplane r with 
span equivalent to the' diameter of the autogiro and with 
the same structural drag, , the ..power loading is practically 
proportional to v 3 . . " Consequent ly , the autogiro. can at- ' 
tain 'a. Higher, maximum ...speed than . an airplane, of the same •. 
power loading ('reference "4).. ' . ." 
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Th. v. Karman published a comparison of flight per- 
f of mances ". oa' aa , aut'ogirb , an^-orthbdox airplane-, and a hel~ 
ddopter-v (reference 5) , ' but. . his. autogifo evinced ■ a -high 
structural drag* . To compare ; the performance of an auto- 
giro, with-..that .of a -eonVentional--airplane< we. designate 
an airplane as. 11 comparable" whose span equals the" rotor . 
diarne.ter -of ■ the autogiro and- which has the -same lift and 
structural drag and the same thrust horsepower, and the 
same wing profile. 

Let W 2 • = profile drag, 

■ , c w A - = drag : coef f i cient of prof i-1 e-, - and - 

. S = aspect ratio of the. airplane. 

Then, W 2 ' = c w » p v 2 (19) 

5 

Prom (4) follows- ' ■ '■' 

W 2 = c Wm p/y» (1 + 4.65 X S ) ^yf~ - 

hence 

^2 "n" a S , 2 » , 

w 2 -T = isW (1 + 4 ' 66 v ) (30) 

If the area of the wings is the same as that of the auto- 
giro blades, it gives: . . 

4_Rl = . 0' - Ti R 3 . . 
s • 



f^Is>\ (l + 4.65 X 3 ) 
Vc w '/ (4 X 3 ) ' . 

when X < 1. 

' 'An" airplane with the same' wing" area 'as the modern au- 
to giro "'would, however ,' have a very high landing speed, and 
therefore cannot be considered as a "comparative airplane." 
For autogiro blade's of G-ottingen section 429 and a'= : 0.07 
and i = 9.76, the surface loading is i/d = 139.3 kg/m 2 
(28.5 lb./sq.ft.). The maximum lift coefficient of air- 
foil Gottingen 429 is about 1.16, and the landing speed - 




= 158 tem/h (98.2 mi./hr.). The rigid surface 



Consequently, 
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of the, ; ." comparative .airplane" mus.t for. thai reason he, great- 
er than .the au't-ogi.rd,' "blades'. .Wi'th* the Landing sp.eed of '"the 
"comparative airplane" limit e'ct" to' 80V5 Kttf/.ii _( : 50 .0;"mi*/;hr,;) , 
the wing loading is 36.1 kg/m 2 (7.4 lh./s'q.'ft .) , and' the 
wing ,ar ea^ ..then 3,8.6 t imes as. great, as th.e "blade . area of the 

autogirp,;'.'; .. ; ' .. ' . ' '. .'. .'. , •■ .. .; . . " .•■ ,.. 

Figure 12 shows the' perf ormance of an ;au.to.g'irp';'XitK • 

the parameters a g = 4° = 0*.07'; a' = 0.07; Cw m ' =• 0 .012; 

i = 9.76 in contrast to our defined "comparative airplane. 1 
Equation (19) "becomes - : 

.. £ " 7. 7272"" - °V 173 KTooJ • 

hecause c w ' - 0.01 arid' p =' "0 Vl2"5'." ■ * '"" " ' 

' The thrust power .riP' 1 ' for. overcoming : i'n;.du'.ced drag 
Wi ' and profile drag" W 2 ' ' 'is given with 

A \ A A / 

A / v 



*—--'• + 17.3' 



(2 tt p R S v) " " 'MOO/' 



3 



or 



T£l = 0..52 + 04231 / L^ . (21) 

A V \100 ; 

The riP'/A- values computed from this formula are in- 
cluded in figure 12. 

X. REMARKS 



As in Lock's previous report, the angle between the 
"blade and its mean plane of rotation, has "been disregard- 
ed, the axial speed component over the autogiro disk as- 
sumed to have a constant value, and the partial reversal 
of the trailing edge in the leading edge on the receding 
"blade, neglected. As a result of which the calculation 
"becomes, so much more uncertain as the values of \ "become 
greater. 



On the high-speed autogiro of the future, with a ratio 
of over 7 of maximum to minimum horizontal speed, X will. 
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.range "betw.een ;Q . 7 -and. : 1 . 0-.:. •■• Ti\e efficiency within this 
T.ange. -will. probably b,e . considerably lower than predicted • 
in this . analysis. . ; . ; . -. 

The writer wishes to express his appreciation- to jfr.- 
de la Cierva, Professor Prandtl, and Professor Betz, &ot- 
ti-n-gen,- «s -well as to Prof es-sor li es elsberger , Aachen, 
for- their interest and support,.' 
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Figs. 1, 



Forward setting 
of blade 



Perpendicular to mean--, 
plane of rotation 
of "blades 



Eotor .shaft 




Perpendicular to rotor shaft 



--Backward setting 
"f- of "blade 



Mean plane of rotation 
of "blades v/hen g 6 is small 



Perpendicular to flight speed 



Fiffore 1 




Figure 2 
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Figure 3.- Effect of solidity on W/A 
.07; cvmi = .012 



a g = 4° 
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Figs. 5,6 
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Figure 5.- Effect of profile drag on W/A 
<T = .07; 



a , = .07 = .*o 




Figure 6.- Sffoct of solidity on W/A 
a, = 4° - .07; c v/m = .012; i = 9.76 
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Figs. 7,8 
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Figure 7.- Effect of "blade angle on '.7/ A 
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Effect of profile drag on W/A 
a g = .07=4°; i =9.76 
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Figs. 9,10 
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Figs. 11,12 




Figure 12.- Comparison "between performance of an air- 
plane and autogiro. 
Cupi = .012, cr - .07, ~ a g = 4° i = 9.76 



